Abstracr: This paper gives intrinsic conditions for a compact spacelike hypersurface in a de Sitter space to be totally umbilical.
Introduction
Let MJ+' (c) be an (n + 1)-dimensional connected semi-Riemannian manifold of constant curvature c whose index is s. It is called an indejinite space form of index s and simply a space form when s = 0. If c > 0, we call MT+' (c) a de Sitter space of index 1. Akutagawa [l] and Ramanathan [6] studied space-like hypersurfaces in a de Sitter space and proved independently that a complete space-like hypersurface in a de Sitter space with constant mean curvature is totally umbilical if the mean curvature H satisfies H2 < c when n = 2 and n2H2 c 4(n -1)c when n > 3. Later, Cheng [21 generalized this result to submanifolds.
In this paper, we consider compact space-like hypersurfaces with constant scalar curvature in a de Sitter space and obtain intrinsic conditions for such a hypersurface to be totally umbilical. We will prove the following:
Theorem.
Let M" be an n-dimensional compact space-like hypersu$ace in M;+'(c) with constant scalar curvature. If M" satisfies
where R is the normalized scalar curvature of M", then M" is totally umbilical.
Local formulas
Let My+' (c) be an (n + 1)-dimensional semi-Riemannian manifold of constant curvature c whose index is 1. Let M" be an n-dimensional Riemannian manifold immersed in Mr+' (c). From these formulas, we obtain the structure equations of M": where Rijk/ are the components of the curvature tensor of h!i". For indefinite Riemannian manifolds, refer to O'Neill [5] . We call h = xi, j hijoi @I mj the second fundamental form of M". The square length of h is defined by S = x(hij)2.
(2.9)
The mean curvature H of h4" is defined by H = ichii. n2H2 -S = n(n -l)(c -R), (3.2) where Ric(i) is the Ricci curvature of M" in the direction ei. We observe that if H is zero at some point, then from (3.2), R 2 c at the point, which is a contradiction to the hypothesis. Hence we may assume H > 0. Since Ric(M) 6 (n -l)c, it follows from (3.1) that Ai > 0, which implies that h is positive semi-definite.
It is clear that if Ric(M) < (n -1)c then we have hi > 0 and hence h is positive definite. and the equality holds if and only if Mn is totally umbilical. By hypothesis and (3.2), we get S < nH2 and hence S = nH2, i.e, M" is totally umbilical. i.j at the point x. This implies that x is an umbilical point of M". Hence H* = c -R at the point, by the Gauss equation. It is clear that H* also attains its maximum at the point x. Therefore H* 6 c -R at each point of M". By Proposition 3.2, M" is totally umbilical.
Remark. If
Proof of the Theorem. It follows from Propositions 3.1 and 3.3.
